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Dansk Resume

Der foreslas et generaliseret flux-Richardsoniah, og et dertil harende generaliseret Richardson
tal, Ri3, som tager hensyn til kompressibilitet og horisontal inlogemitet i atmosfeerens middeltil-
stand.Ri;3 0g Rig bliver identisk med de velkendte Richardsonka} og R i det planetare greense-
lag, hvis dette er stationeert, horisontal homogent og meakghgibel middel vertikal vindhastighed.
De generaliserede Richardson tal viser at divergens ogekgawus, alt andet lige, hhv. reducerer
0og gger sandsynligheden for generering af turbulens. Stkefarmation og produktion af turbu-
lent kinetisk energi via horisontale gradienter af middattikal vindhastigheden bridrager til at gge
sandsynligheden for generering af turbulens ved at @fe < Ri; og tilsvarendeRi; < Ri. Det
pavises ogsa, alt andet lige, at streeknings-deformatinrbldrage til at gge eller mindske sandsyn-
ligheden for generering af turbulens, afhaengig af badedoet paa streeknings-deformationen og
anisotropien i den horisontale turbulens. | tilfaelde ai$mmtal isotrop turbulens pavirker streeknings-
deformation ikke sandsynligheden for generering af tughsll Divergens og straeknings-deformation
(sidstnaete i tilfeelde af anisotrop horisontal turbulendjdger til asymmetri i sandsynligheden for
generering af turbulens i de bglgende jetstramme i den sypesfeere. Nedstrgms for trug og rygge
er der hhv. divergens og konvergens, hvilket bidrager tit. himindre og stgrre sandsynlighed for
generering af turbulens. | jet streaks bidrager divergémarie indgangsomrade og venstre udgang-
somrade til mindre sandsynlighed for turbulens end i verisigangsomrade og hgjre udgangsom-
rade, hvor der er konvergens. Ligeledes er der i jet strekandet lige, starre sandsynlighed for
turbulens generering i deres indgangsomrade end i deremgdgmrade, hvis den horisontale tur-
bulente kinetiske energi er stgrre pa tvaers end pa langsa&n. Det omvendte geelder, hvis den
horisontale turbulente kinetiske energi er starst pa lafigstaksen. Horisontale gradienter i mid-
del potentiel temperatur bidrager #li;3 > Ri; 0og Ri; > Ri og g@r derfor sandsynligheden for
generering af turbulens mindre. Det visedif; kvalitativt kan forklare de relativt gode resultater,
som et meget benyttet "clear air" turbulens indeks giver.
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Abstract

A generalised flux Richardson numbét;;;, and a corresponding generalised gradient Richardson
number,Ri3, are proposed. They take into account horizontal inhomeiggeand compressibility of
the mean state. In the steady state, horizontal homogepémetary boundary layer with negligible
vertical mean windRi ;3 and iz become identical with the well-knowR: ; and R:. The generalised
Richardson numbers show that anything else equal, diveegerluces and convergence enhances the
probability of turbulence generation. Shear deformatiod production of turbulent kinetic energy
by the horizontal gradient of the mean vertical velocitytcdmte to an increase in the probability of
turbulence generation by makiigi ;3 < Riy and consequentlyi; < Ri. It is further shown that
stretching deformation can contribute to an increase oiceedse in the probability of generation of
turbulence, depending on both the sign of the stretchingrdeition and the anisotropy of the hori-
zontal turbulence. In case of horizontal isotropic turbakethe probability of turbulence generation
becomes independent of stretching deformation. Divergand stretching deformation (the latter in
case of anisotropic horizontal turbulence) contributert@symmetri in the probability of generation
of turbulence in meandering jet streams in the upper trapagp At jet stream level downstream of
troughs there is divergence, contributing to lower proligtof turbulence generation, while down-
stream of ridges there is convergence, contributing todriginobability of turbulence generation. In
jet streaks, anything else equal, the probability of tughak generation is higher in the entrance than
in the exit region if the horizontal TKE (turbulent kinetio@rgy) is larger in the cross-stream than
the along-stream direction. The opposite holds if the looial TKE is largest in the along-stream
direction. It is found that the generalised flux Richardsamber qualitatively is able to explain the
relative success of a widely used CAT (Clear Air Turbulenodgx.

1 Introduction

Three-dimensional (3d) turbulence has been encountdrseiived in jet streams both in clear and
cloudy air, and in environments with a relative large Riclsan numberRi, typically above the criti-
cal value Ri.. ~ 0.25). Characteristic features of upper-tropospheric jebstreare briefly described
in Section 2, and Section 3 gives a summary of some mechamislago trigger generation of tur-
bulent kinetic energy (TKE). Investigation of cases witbasi air turbulence (CAT) has not revealed
a strong relationship between CAT aid, the latter usually obtained from numerical Weather pre-
diction (NWP) model analyses (e.g. Dotton and Panofskyp1B@plan et al.,2005)R; is related to
Riy, the flux Richardson number. The latter is defined as the ddtilee production of turbulent po-
tential energy (TPE) to the production of TKE in an incompikke, horizontal homogeneous steady
state.

The budget equations for TKE, TPE and TTE (the total turbuderergy) are presented in Section 4.
The assumptions above are found to describe turbulence iplémetary boundary layer (PBL) rea-
sonably good. It is more questionable how valid these asBangpare in upper-tropospheric jet
streams. Here the horizontal gradient of the mean horizeetacity in certain regions of the jet
stream can be of the same order of magnitude as the corrasgoradtical gradient. An assumption
of horizontal homogeneity does not appear realistic in saglons. This is the motivation for propos-
ing a generalisation aRiy, taking into account mean state compressibility and hotelogradients
of mean potential temperature and the full 3d gradient oBthenean velocity.

The generalised flux Richardson numbiy;, is presented and discussed in SectiofRG contains

both horizontal and vertical turbulent fluxes of momenturd &eat. It is found that anisotropy in
horizontal turbulence contributes to an asymmetric digtion of probability of turbulence generation
in jet streaks. Investigation of severe CAT episodes pdimta preference for severe CAT in the
entrance region of the jet streak (e.g. Roach, 1970; Ree#lardy, 1972 and Kaplan et al., 2005). In
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Section 5 it is found that due to stretching deformatibn)(the probability of turbulence, everything
else equal, is higher in the entrance region of a jet streakithits exit region if the horizontal TKE is
larger in the cross-stream direction than in the alongastrdirection. It is also found that horizontal
divergence contributes to higher probability of turbulegeneration in the left entrance and right exit
region of a jet streak and also to higher probability of tlebee generation downstream of a ridge
than downstream of a trough.

It is assumed that the functional relation betwégin and ki proposed by Zilitinkevich et al., 2007,
for the horizontal homogeneous, steady state neutral atdesPBL and the inverse relatioR4 as
function of Ri ;) also hold in upper-tropospheric jet streams. If itis ferthssumed that the turbulence
is horizontally isotropid), disappears as a parameter in the generalised flux Richandsoiber.

Section 6 describes how the generalised Richardson nuibgmnvhich for example can be used in
place ofRi in a clear air turbulence index, is calculated fréty;. The calculation is done in three
steps. In the first stefi; is calculated from the traditionati. In the second step the proposed
parameterisation of horizontal turbulent fluxes is usedalowateRi 3, and in the third stegi; is
calculated fromRi 3, using the inverse relation, givingis as a function ofi 5. Itis likely that Ri 4
can be used directly as the basis for a clear and cloudy amuleemce (CCAT) index and thus avoiding
the third step above.

A summary and outlook for future work are given in Section 7.

2 Jet streams

Jet streams are three-dimensional elongated regions atitin@sphere with strong nearly horizontal
winds in the core of the jet, surrounded by flow with large ieaftand horizontal shear. The horizontal
distance across the jet is usually more than 100 times l#ngerthe corresponding vertical distance,
and the typical vertical wind shear is usually two orders @fgmtude larger than the horizontal
shear. A jet stream does not have circular symmetry. Thersbesually largest on the cyclonic
shear side of the jet and concentrated in a narrow 'pardlsiieped frontal zone to the left of the
jet core (seen in the flow direction) as well as above and béfhmnyet core. On the anticyclonic
shear side of the jet both vertical and horizontal wind slaearusually weaker than on the cyclonic
shear side. The thermal stratification (static stabilignyds to be largest on the cyclonic shear side
within the frontal zones and smaller on the anticyclonicstséde. The shear zones are regions with a
potential for triggering three-dimensional turbulencigufe (1) shows a typical example of a vertical
cross-section approximately perpendicular to the jeastreshowing potential temperature and the
horizontal wind speed normal to the plane.

3 Shear instability

3.1 Horizontal and vertical shear instability

The method used to investigate if a given basic state of tmshere may become unstable to
small perturbations is called linear stability analysisucls analyses have shown that a necessary
but insufficient condition for instability in a basic statélout thermal stratification is presence of
local extremes of the basic state relative vorticity (e.@rkbwski and Richardson, 2010) defined by

(=C,-i+(, j+C, -k where(, = g—? — % and(, = %% — 27 are the horizontal components

and(, = % — g—z the vertical component of the basic state relative voytiogictor. Note here that we
consider only so small spatial scales of the basic statélibailanetary vorticityf, can be treated as
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Figure 1: Vertical cross section approximately normal to the jetatn, showing potential tempera-
ture in coloured 10K intervals and horizontal wind speedmadrito the plane in 5 m/s intervals.

a constant, which means that we are not discussing barotirggiability.

3.2 Kelvin-Helmholtz instability

If the basic state is stably stratified the vertical sheaainiity is replaced by Kelvin-Helmholtz (KH)
instability, stating that a necessary, but insufficientdiban for instability is thatR: < 0.25, where

— = 2 =
Ri = N?/S? with N> = 3%, 3 = £ andS? = (%) .V, is the basic state horizontal wind

velocity, § the basic state potential temperature anglgravity.

4  Turbulent energy budgets

Total turbulent energy is the sum of turbulent kinetic egefOKE) and turbulent potential energy
(TPE). The budget equation for TKE, with the assumption obmpressibility of the fluctuating part
of the flow (V - V' = 0), is

DEg

[— ._‘/:
i +V-¢

du;

o0x;
j

+ By, — ek, 1)

whereEy = L(u?+v?+w?) is the turbulent kinetic energy! = plop’V’Jr%e—V’, e=u’+v"°+v7,
Fy. = w0’ andeg the dissipation of TKE. The first term on the right side of €litie shear production
term for TKE, written in tensor notation (for eack= 1, 2, 3 with 5 running from 1 to 3). The budget
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DE . B\? 00 o0
DtP+V¢/P:_(N) (Fex%+F9y8)_5F92_EP7 (2)

whereEp = (%)QEg, Ey = %W ¢ p = (%)25’9 &, = %9’217’ andep = (%)269, whereg, is the
dissipation of potential temperature fluctuations. In K2) = «/¢’ and I, = /¢’ are the horizontal
turbulent heat fluxes. In the derivation of (2) it is assumieat fV changes slowly compared to

turbulent variations (Zilitinkevich et al., 2007).

The budget equation for total turbulent ener@¥(F) is obtained by adding (1) and (2), giving

DE o; B2 o0 o0
ﬁ+v ¢T Tija—xj_ (N) (FQx%+F9ya ) €r, (3)

whereV - gzﬁ} =V gb;( +V- gz;p ander = ex + ep. The term5 Fy., which is the buoyancy production
term in the TKE equation, does not appear in (3) since it aiggea(l) and (2) with opposite signs.
According to (3) the only production terms for TTE are theat@oduction of TKE and production
of TPE due to horizontal turbulent heat fluxes, the latteegily

2[00 o0
Hf:—<%) (Fexa Feya) (4)

For our purpose it is convenient to write the shear prodadtidhe form

Ss =S, + S, + Sy, (5)
with
ou ou ou ov ov ov
Sy = —uu'g: uv’a —uww'g:, S, = —v'u'gE vv’a —v'w'y;
and
_ ow 1,1 0w 0w
Sw——wu’8 wv’a —w'w' 52
S5 can be written as
1 ow 1 ow w
Sy =11 — =6 (v/'u/ + V') — ww — — =D (v —v'') — Dyu/v) — w'e/— — w'v'—. (6
’ 2 ( o) 0z 2 1 ) ? ox Ay ©)

Herell = —u w’g“ v w’% is the turbulent production of TKE due to vertical shear @‘tﬂmrizontal
wind in the basic flowy = o+ g—z is the horizontal divergence ariel = —; - andD2 am + 5y
are the stretching and shearing deformation, respectively

5 A generalised flux Richardson number

In a horizontal homogeneous stably stratified basic (mdatg ef the planetary boundary layer (PBL)
Hy = 0andS = II. In this PBL the only production term for TPE isfgFy. and in the TKE
equation the only production term i = II. A flux Richardson numbeR;,, is defined as the ratio
of the production of TPE to the production of TKE, i.8:; = %. We define a generalised flux

www.dmi.dk/laer-om/generelt/dmi-publikationer/2017/17-11 page 7 of 13



i Danish Meteorological Institute

s DMI Report 17-11

Richardson numbeRi 3, which is also applicable in atmospheric jet streams wiid@nean) states
that can be horisontal inhomogeneous and compressibjg.is based on (2) and (6) and becomes

1+ Ripe

Riys = Ri 7
f3 *f 1+ Rtke ( )
with
R 5 ? Fewg—f + F(’yg_g 3
tpe N BFQZ ( )
and
Rtke = Rdiv + Rdef + Rwsh (9)
In (9)
15 (W + F) +w?2e
Rdiv = - I 5 (10)
Ries = Raef1 + Raepo (11)
and
W 4 w2
Rwsh = - 0 I % (12)
In (11)
1Dy (u? —v?)
Rt = ——————"> 13
= =5 (13)
and
Dou/v'
RdefZ = - 21—[ (14)

Due to on average down-gradient turbulent transports of, Hgg. is non-negative and therefore
only can contribute td?i;3 > Ri;. In the same way (due to on average down-gradient turbulent
transports of momentun®y,. s, in (11) andR,,, in (12) are non-negative and therefore contribute
to Rifg < RZf

However, Ry, in (10) can be positive or negative, depending on the sigrisanfd g—f. The same
holds for R, s, in case of anisotropic horizontal turbuleneg’ (£ v'2).

5.1 Asymmetric probability of turbulence generation due to divergence

According to (10) horizontal divergencé ¢ 0) and vertical divergence%@ > 0) both contribute

to Riss > Riy, whereas horizontal convergence € 0) and vertical convergenc% < 0) con-
tribute to Riy3 < Riy. The probability of turbulence generation, anything elgeas, is therefore
largest/smallestin regions with horizontal and verticad\ergence/divergence. In upper-tropospheric
jet streams areas with horizontal convergence are typidalind between ridge and downstream
trough (e.g. Palmén and Newton, 1969) and in the left ene&rama right exit regions of jet streaks
(Uccellini and Kocin, 1987). An example of an idealised énget streak is shown in Figure 2. In the
upper troposphere the numerical value of horizontal dimecg tends to be at a maximum close to the
tropopause. Since the atmosphere is only weakly comptessib
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Figure2: Idealised picture of a linear jet streak. Top figure is atmmtal plane view, showing isotacs
(black contours) and geopotential height (dark-red casjouBlack arrows show the ageostrophic
wind, and the jet streak induced ageostrophic circulationgertical planes perpendicular to the
jet axis are shown in the bottom figure in the entrance andregion of the jet streak. (From
www4.ncsu.edu, a variant of a figure in Kocin and Uccelli®i9@).

(implying opposite signs of anda—“’ in regions with larged|) the two terms in (10) have opposite
signs, and it may not unlversally hoId thaand R4, have opposite signs. This is investigated more
closely by rewriting (10) in the form

SEx (—1+43A)) —2A. - ExV -V

Here A, = EEK andFy., = 2 w2, If the mean state is incompressiblé (V = 0) and the turbulence
IS isotropic (42 = 1/3) it follows from (15) thatRy, = 0 If the turbulence is isotropic and the

atmosphere is compressibl,;, has opposite sign 6F - V, and if the atmosphere is incompressible
and the turbulence is anisotropic with < 1/3, Ry, has opp05|te sign @f. The actual atmosphere
is nearly incompressibleﬁ(and% are of nearly the same magnitude, but with opposite signg) an
its turbulence is anisotropic. Zilitinkevich et al., 200stimmatedA, ~ 0.25 in the neutral PBL with

a decrease with increasing asymptotically toA, ~ 0.075 at very largeRi. Similar anisotropy is
expected in upper-tropospheric jet streams. For thesems&y;, andd are expected to have opposite
signs in regions with relatively larg@|, with enhanced and reduced probability of turbulence in
regions with large convergence and divergence, respéctimesummary for jet streaks it is found that
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anisotropic turbulence due to divergence contributes tasgmmetric distribution of the probability
of turbulence generation. Anisotropy with, < % enhances the probability of turbulence in the left
entrance and right exit region and diminishes this proligli the right entrance and left exit region.

5.2 Asymmetric probability of turbulence generation due to horizontal deformation

In case of anisotropic horizontal turbulence, it is noteat f,. ;1 contributes to an asymmetric dis-
tribution of the probability of turbulence generation i gtreaks. This can for example be seen by
rewriting Rg.s1 as

Di(y -1 - 4)
(v+ DII '

Rdefl - - (16)

Herey = 4=, A, = =, 4, = %;y Ex, = tu? andEg, = Lo If v < 1(A, < A, Ex, < Ex,)
it follows from (16) thatR;.;; > O if D1 > 0 andeefl < 0if D; < 0. In the entrance/exit
region of a zonal jet streak (along-stream direction fronstwte east)D,; > 0/D; < 0. Therefore,
everything else equaki; is smaller in the entrance than in the exit region and coretyy the
probability of turbulence generation is highest in the @mte region, while the opposite is the case if

v > 1(Ek, > Eky), i.e. if the horizontal along-stream TKE is larger than thess-stream TKE.

In a coordinate system with the x-axis rotated an angtem direction west to east to the downstream
direction of the horizontal flow in the jet streaRy.;; can be written

Dy, (u)? = v?)

211 '
where subscript refers to the rotated system. In the latter sysfeim= D, cos 2a+2- D, sin « cos «
andDs, = D, cos 2a—2-D; sin «a cos a, implying that the resultant deformatidn = (D,? + D22)1/2
is invariant to a rotation of the coordinate system. In ceggonizontal anisotrophy( # 1), Raes1
can be written

Ryepr = — (17)

(D; cos2a + 2Dy sinacos a) - v/2(1 — )
211

(18) behaves qualitatively in agreement with the thecaéggpectation. For illustration a meridional
jet streak with north as the down-stream direction is carsid. In this case = 7, giving Dy, =

—Dy andRge 1 = - 1U,2(1 — ). In the entrance and exit regidy, < 0 andD; > 0, respectively,
implying Rgep1 > 0 in the entrance region anfl,.;1 < 0 in the exit region. Accordingly, the
probability of turbulence generation due to stretchingod®fation is highest in the entrance region.
This resultis valid for horizontal anisotropic turbulemnei¢h largest TKE in the cross-stream direction
of the jet streak{ < 1). The opposite resultis obtained if TKE is largest in thenglstream direction

(v>1).

Ryepr = (18)

6 Calculation of a generalised Richardson number

The NWP model calculateB: (valid for a horizontal homogeneous mean state). Nextis calcu-
lated from

1.25Ri(1 + 36Ri)""
(14 19Ri)*7

a function of Ri proposed by Zilitenkevich et al., 200R: 5 is then calculated from (7) (in practice
a parameterised version of this equation). In the next sts@assumed that the relation betweeiy;

Rip = ; (19)
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Figure 3: Relative error in Ri obtained by first calculatigj; from (19) and then usingii, to
recalculate Ri from (20)

and Ris is the same as foRi; and Ri. A reverse relationship betweét and Ri; can be written
approximately

1 — 3.61Ri;

Ri ~ 0.8Ri; s, — 0-08 Rip — Rij, (20)
B o
- (%)
and with the assumption given above we also have
, , 1 —3.61R: . .
Ris =~ 0.8Ri s — asemy — 008+ Rigs — Rij, (21)
1= ()
RZfSoo

With Rif3o0 = Rifoo = 1.2521”3%‘: ~ 0.2. HereRi; is the asymptotic value aki; for Ri — oco. As

the last stegr: is replaced byris. The latter is calculated from (21). Finalli; ;5 is not allowed to
become larger thaRi ., by using the constrairi ;3 = min (Riys, Rif ). According to Figure (3)
the relative error of?: in percent calculated by the procedure above varies fromtathd6% to about
2.5% in theRi-range from 0.02 to 10 and does not exceed 2.8% oiite: 120 (figure not shown).
The calculation ofRi; from Ri followed by calculation ofR: 5 from (7) and finally calculation of
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Ris from (21) is considered accurate enough for practical usegXample in a clear and cloudy air
(CCAT)-index. In a follow-up report it will be investigatatia CCAT index can be based solely on
Ri3 and thus avoiding the third step in the above calculations.

7 Summary and outlook

In the present report we propose a generalised flux Richanasmber,Ri ;3, that takes into account
horizontal inhomogeneity that can become significant itateregions of the atmosphere, not least
in upper-tropospheric meandering jet streami; introduces an asymmetry in the probability of
generation of turbulence in meandering jet streams. Firall the asymmetry is due to divergence,
contributing to higher probability of turbulence genevatdownstream of ridges than downstream of
troughs and in jet streaks to higher probability of turbekegeneration in their left entrance and right
exit regions than in their right entrance and left exit regi¢Figure (2)).

If the turbulence is horizontally anisotropic in jet strean asymmetry is also created by horizontal
stretching deformation. In case of largest horizontal TIKEhe cross-jet streak direction the hor-
izontal stretching deformation will contribute to higheopability of turbulence generation in the

entrance than in the exit of a jet streak. The opposite wiltheecase if the along-stream TKE is

largest.

To the authors knowledge it is unknown to what extend - if latthle turbulence in upper-tropospheric
jet streams is horizontally anisotropic. A discussion @fitihpact of anisotropy is given here, but due
to the uncertainties about horizontal anisotropy the ctieyy deformation term will not be taken
into account in a follow-up report, investigatingAfi ;3 or Ri; can be used successfully in a clear
and cloudy air (CCAT) index. Since the numerical weathedjgteon model applied in the latter
investigation does not calculate horizontal turbulenbgport terms it is necessary to parameterise
these terms. How this is done will be described in the follgyweport.

Finally, we briefly discuss the qualitative behaviour/ef;; and a widely used clear air turbulence
(CAT) index. The latter index, defined b, = |2|(D — ¢), is derived from the frontogenetic

intensity function (Petterssen, 1956).1n;, D = (D? + Dg)l/2 is the resultant deformation. Larger
values ofl..,, means larger probability of turbulence generation. It casséen that the probability of
turbulence generation in both,, and Ri 5 increases with larger vertical wind shear, larger restiltan
deformation and larger convergence. However, untikg, /.., does not contain separate information
aboutD; and D,, and also lacks any information about static stability @ &ir. The former implies
that I.,; is unable to take into account effects of possible anisatrbprizontal turbulence in jet
streaks, which introduces an asymmetry in the probabifityemeration of turbulence in the entrance
(frontogenetic) and exit (frontolysis) region of the jetestk. The latter means that,, remains
unchanged regardless of the static stability of the ainoaltjh the expectation is that the probability
of turbulence generation decreases with increasing stiatility. Despite these differences between
I... and Ri s, the latter seems theoretically to explain the reporteatite success af,;.
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